In a paper of 1933, D.H. Lehmer continued Pierce's study of integral sequences associated to polynomials, generalizing the Mersenne sequence. He developed divisibility criteria, and suggested that prime apparition in these sequences -or in closely related sequences -would be denser if the polynomials were close to cyclotomic, using a natural measure of closeness.
be a monic polynomial with factorization
over the complex numbers. Following Pierce [19] and Lehmer [12] , define a sequence of integers by , and Lehmer in particular used these results to compute large primes. For our purposes, the detailed arguments concerning possible factors are not relevant, but three key observations by Lehmer are: . A huge amount of work has gone into attempts to resolve Lehmer's problem: are there polynomials with arbitrarily small positive logarithmic measure? For an overview of this circle of results from a theoretical perspective, see [2] and [8] . The view of polynomials with small measure as being small perturbations of cyclotomic ones is explored in [17] . For recent results on computations of Mahler measures and their connections with other parts of mathematics, see [4] , [7] , [14] and [16] .
Primes in sequences associated to polynomials (after Lehmer
To each polynomial of the form (1) . This links arithmetic properties of the sequence to dynamical properties of the corresponding toral endomorphism -see [13] . Accordingly, we call the polynomial
is a root of unity, and quasihyperbolic if it is ergodic but not expansive. Finally, the convergence observed by Lehmer in the expansive case does not extend to the quasihyperbolic case (see [6] , [8, Theorem 2.16] ), but the more robust convergence
extends to the quasihyperbolic case by Gelfond's Diophantine results (see [9] and [13] 
If the left-hand-side is¯, then there is an upper bound of the form 
and Euler product form
where û runs through the prime ideals of ç è
. Finally, there is the number-field analogue of Merten's theorem (see [10] , [11] or [20] ). 
Heuristic arguments
The Mersenne numbers 
is conjectured to converge to a constant. This is a consequence of the simple linear congruences satisfied by factors of 5 7 6 (from the Euler-Fermat theorem), and Merten's theorem.
In the Lehmer case, essentially the same argument may be applied, but the arithmetic of the sequence and the analytic properties of the corresponding zeta function are more involved. The calculations described below give the following results.
1. There is compelling numerical evidence to suggest that
for some positive limit 
S U
and either of the heuristic constants is substantial enough to suggest that more subtle arithmetic phenomena are at work. To explain the heuristic argument, we follow essentially Caldwell's exposition of the Wagstaff heuristics (available on the WWW 'Prime Pages' -see [5] ). Assume that
It follows that the probability of r being prime is increased by the ratio
So the expected number of (non-
Notice that in the Mersenne case, the sum is taken over all , weighted according to the probability that is prime; summing instead over primes without weighting as we have done here gives the same estimate.
Writing v (
for the sequence of indices for which Q "
is prime, this suggests that the number of prime values of
It follows that l ! m " n # l m n # ) " w r t (8) Notice that the effect of any further congruence conditions on possible factors of will be to asymptotically increase the number of primes appearing in the sequence, so the relationship ¡ q t w r (9) between (7) and (8) is expected. However, the results shown in Table 2 do not give a consistent inequality: if anything they suggest the reverse (see Section 6).
In the case of non-reciprocal polynomials, the factor 2 (which came from the fact that Q is logarithmically half of ) needs to be removed, so for non-reciprocal
will be used for the analogous quantities also. Three questions were therefore examined numerically. Firstly, is the sequence associated to a polynomial with small Mahler measure very rich in primes? Secondly, do calculations suggest the distribution (7) for prime apparition in these sequences with some limiting constant? Thirdly, does the 'limiting constant' observed lend support to the heuristic argument?
The results are -unsurprisingly -mixed. The first question can be answered with an emphatic 'yes': in a short search on modest equipment sequences have been found containing over one hundred primes. The second is answered with an equivocal 'yes': the analogous plots for the polynomials of small measure do look linear (details of the statistical method used are given below). The third question probably requires a deeper understanding of the arithmetic of )
, but the numbers agree fairly well. In particular, the number of primes found does decrease as the Mahler measure increases.
In light of this, it would be of interest to find a reformulation of the Mersenne heuristics in which ¦ appears not via Merten's Theorem but as the second coefficient of the Laurent expansion of the Riemann zeta function at § ¡ ª © . A feature of this work is that the use of polynomials with very small height gives significant data on Mersenne-like problems without the difficulty of testing excessively large numbers for primality. The idea of using polynomials with small measure in this way comes directly from Lehmer's paper. is prime give rise to the anomalous primes. Primality testing was for pseudoprimality to ten randomly chosen bases: in particular, the lack of an analogue of the LucasLehmer test means the primality test used is a general one. Thus, in this paper, prime values of or 4 ® ō are probable primes. All the calculations were done using PARI-GP, see [18] for more details.
Description of the calculations
For the first two polynomials in the Mossinghoff list,
the calculations were performed for
For each of the remaining polynomials
, the calculations were performed for
. The full list of polynomials is in the paper [16] . In order to gain more insight into how much of the prime behaviour is governed simply by the field arithmetic, the same calculation was also carried out for the "negative" polynomials,
in the non-reciprocal case) has also been computed in some cases, though this requires extensive calculation itself. The method adopted is to use the Laurent expansion (5) and estimate
in the non-reciprocal case) using GP's ability to compute values of the Dedekind zeta functions for number fields of small degree.
The empirical constant Ù ¡ Ú is found using a least-squares linear regression.
Results
We present several graphs of
, which indicate the asymptotic linearity. On each graph, the number on the abscissa is the total number of non-anomalous primes found for that polynomial. Table 1 gives some data for the Mersenne case, some simple non-reciprocal polynomials, and for those ã " ë £ ì for which ae could be computed (the polynomial ã C í , of degree 18, is included here for brevity despite the fact that we have been unable to compute ae # Ú r î
). For the non-reciprocals, the growth rate is much higher by Smyth's result, and so the calculations are limited. In addition to the Mersenne case and some polynomials from [16] for which ae could be found, some non-reciprocal polynomials of small height have been chosen. These non-reciprocal polynomials are those with smallest Mahler measure in the list of irreducible non-cyclotomic factors of trinomials with smallest known Mahler measures -we thank David Boyd for providing this list of trinomials. Table 1 is thus a mixed bag of polynomials selected on the basis of having small measure for polynomials of a certain shape, or for being of relatively small degree. The polynomials in Table 1 are arranged in order of increasing Mahler measure. Table 2 ç Ú ö à , the value computed using the heuristic argument above.
The polynomials are again arranged in order of increasing Mahler measure. Table 2 suggest that more accurate heuristics must involve the polynomial itself, and cannot depend only on the arithmetic of the field defined by the polynomial. Math. 18 (1917) ; 
Open problems
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